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Abstract 

In this paper we discuss the path integral representations for the coordinate systems on the 
complex sphere Ssc- The Schrodinger equation, respectively the path integral, separates in 
exactly 21 orthogonal coordinate systems. We enumerate these coordinate systems and we are 
able to present the path integral representations explicitly in the majority of the cases. In each 
solution the expansion into the wave-functions is stated. Also, the kernel and the corresponding 
Green function can be stated in closed form in terms of the invariant distance on the sphere, 
respectively on the hyperboloid. 
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1 Introduction 

It is a well-known fact that the number of coordinate systems which separate the Schrodinger 
equation on the three-dimensional sphere is six: cylindrical, spherical, conical, prolate spheroidal, 
oblate spheroidal, and elliptic [101 I12j . On the two-dimensional sphere there are just two, 
spherical and elliptical. On the other hand, the corresponding number of coordinate systems on 
the two- and three-dimensional hyperboloid are nine, respectively 34 [37j. Furthermore, on the 
two- and three-dimensional Euclidean and pseudo-Euclidean spaces the number of systems is 10 
and 54, and 4 and 11, respectively. All the spaces listed above can have an Euclidean metric 
signature, or a Minkowskian metric signature, and they are all real. The situation changes, if we 
start to consider the corresponding complex spaces. On two-dimensional and three-dimensional 
complex Euclidean space there are 6 and 18, respectively, and on the two- and three-dimensional 
complex sphere there are 5 and 21 coordinate systems which separate the Schrodinger equation 
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Table 1: Coordinate Systems on S^c 



Nn nf 
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No 1 


S'(3),A(3), 0(2,2) 


5(2, H) Polar 


Cylindrical 


No 2 


A(3), 0(2,2) 


£;(2,IR) Cartesian 


Horicyclic 


No 6 


0(3) x (3) r^/o o^ 
5 , A^^'' , 0(2,2j 


IR) Polar 


Spherical 


No 4 


A(3) C)(0 0) 






INO 


A (3) Of'9 9'i 




noi icy ciic-puidji 


IN (J U 






opilcl U-cilip Lie 


INO ( 


A (3) rx'o o^ 


o^z,tLj jjegenerate elliptic i 


Spherical-degenerate elliptic I 


INO o 


A (3) r\(o o\ 


ot^z,vbj uegeneraire eiiipiic ii 


Splierical-degenerate elliptic II 


l\Tn Q 
INO y 


A (3) nfo 0^ 


-C/l^Z,lrlJ H/llipLlC 


Horicyclic-elliptic 


INO iU 




riyperDOiic 


Horicyclic- hyperbolic 


iNo ii 


A^-'^ 0(2,2) 


rj[Z,]ix) Parabolic 


Horicyclic-parabolic I 


No 12 


Of2 2) 


£"(2, C) Semi-parabolic 


Horicyclic-parabolic II 


No 13 


5(3)^ A(3), 0(2,2) 




Elliptic-Cylindrical 


No 14 


A(3), 0(2,2) 




Elliptic-Parabolic 


No 15 


A(3), 0(2,2) 




Elliptic- Hyperbolic 


No 16 


0(2,2) 




Parabolic 


No 17 


5(3), A(3), 0(2,2) 




Ellipsoidal 


No 18 


A(3), 0(2,2) 




System 18 


No 19 


0(2,2) 




System 19 


No 20 


A(3), 0(2,2) 




System 20 


No 21 


0(2,2) 




System 21 



[3]. In comparison to the real two- and three-dimensional sphere there is a richer structure. This 
is not surprising because the two-dimensional flat space and the hyperboloids are contained as 
subgroup cases in the complex sphere. 

In Table [1] I have listed some properties of the coordinate systems on the three-dimensional 
complex sphere. The coordinate systems, which contain two-dimensional flat systems, i.e. the 
Euclidean plane (real and complex) are, (2), (5), (9)-(ll) [36J- The coordinates systems which 
have the two-dimensional sphere (real and complex) as a subsystem are (3), (4), (6)-(8) [2T1I231 
[27t I36j. The coordinate systems which exist also on the real three-dimensional sphere are (1), 
(3), (6), (13) and (17) [MIET]. 

According to [25], the complexification of the two elliptic cylindrical coordinate systems 
(i.e. spheroidal systems) on the S'(3, IR)-sphere and on the three-dimensional hyperboloid give 
just one coordinate system on S'(3,C), i.e. (13). In particular in [34l [27] coordinate systems 
on the two-dimensional complex sphere and corresponding sup erintegr able potentials, and in 
[27j coordinate systems on the two-dimensional (complex) plane and corresponding superinte- 
grable potentials were discussed, including the corresponding interbases expansions. The goal 
of [27] was to extend the notion of superintegrable potentials of real spaces to the corresponding 
complexified spaces. The findings were such that there are in addition to the four coordinate 
systems on the real two-dimensional Euclidean plane three more coordinate systems and also 
three more superintegrable potentials. Similarly, in addition to the two coordinate systems on 
the real two-dimensional sphere there are three more coordinate systems on the complex sphere 
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and also four more superintegrable potentials. This is not surprising because the complex 
plane contains not only the Euclidean plane but also the pseudo-Euclidean plane (10 coordinate 
systems [12\ [211 [20]) and the complex sphere contains not only the real sphere but also the 
two-dimensional hyperboloid (9 coordinate systems [12l [211 1221 [37j ) . 

On the other hand, it is also possible to complexify the 34 coordinate systems on the three- 
dimensional hyperboloid [Ml 137]. This gives all 21 systems except (19, (12), (16), (19) and 
(21). These remaining system can be found be complexifying the coordinate systems on the real 
hyperboloid SO(2,2) t25j. 

In Table [T] I have indicated which coordinate systems emerges from which real space by 
complexification; these spaces are indicated by S^^^ (real sphere), A^^^ (real hyperboloid), and 
the systems emerging from 0(2,2) (real hyperboloid), respectively. 

In this paper I apply the path integral method [71 [291 UHl [ID] to the complex sphere S^c- We 
are able to find in the majority of the coordinate representations a path integral representation. 
Many known solutions from other path integral problems can be applied in a straightforward 
way to find the corresponding complex-sphere representation. 

In Table [Tj those coordinate systems where a new path integral representation can be stated 
are underlined . The most important "new" solution consist in the path integral formulation of 
the complex periodic Liouville potential. It has a real spectrum with eigenvalues oc J(J + 2), J G 
IN, in accordance with the spectrum of the Hamiltonian of the three-dimensional sphere. The 
fact that a complex periodic potential has a real spectrum is at first sight surprising, but has 
actually attracted in recent years a lot of attention, e.g. the workshop series [H]. This property of 
"pseudo-hermitian" Hamiltonians has also become known as '"PT-symmetry" of Hamiltonians. 

In Table [1] those ellipsoidal systems where no path integral evaluation is possible are empha- 
sized. There is hardly a solution known, because the only ellipsoidal systems where a solution 
of the free Schrodinger is know is the one on the real sphere [1]. There is nothing known about 
the solutions of the Schrodinger equations on the hyperboloids in paraboloidal or the remaining 
"ellipsoidal" coordinates, let alone a path integral representation. 

The paper has a review-like character and is organized as follows: In the next Section we 
present the relevant path integral representations for those coordinate systems which have a 
subgroup structure, i.e. where a lower dimensional case is contained. In many cases we can rely 
on already solved path integral problem to find the specific one in question. Section III contains 
the remaining cases which are not of the subspace type. For some evaluations I also will make 
use of the technique of space-time transformation, where I refer for more details to the literature 
[Si [T8l [T9l I29j . Therefore our principal emphasis is to bring together both already known and 
new results in order to complete matters. 

Obviously, Sections II and III take on the form of an enumeration. We will rely heavily on 
already known solutions in the sequel, and these solution will not be re-derived again. 

We start with the definition of the coordinates, calculate the relevant metric terms, the 
momentum operator and the quantum Hamiltonian in terms of he momentum operators. In our 
formulation of the path integral we always use a lattice definition which we have called "product 
form" and consists mainly of the fact that all metric terms in the energy term in the Lagrangian 
in the its lattice form are given by geometric means [19] . In our first path integral representation 
we will state this lattice formulation explicitly. 

Let us note that the complexification requires also the following consideration: The eigenval- 
ues of the Hamiltonian on the three-dimensional complex sphere are denoted by oc —a{a + 2). 
On the real sphere this yields with a = J the eigenvalues oc J{J + 2) whereas on the real three- 
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dimensional hyperboloid one has a = 1+ip and therefore the eigenvalues are oc + We must 
therefore look carefully which manifold we consider if we specify the coordinates including their 
ranges. Usually, an analytic continuation may be required, which is not performed, however. 

We will denote in the following the quantum number of the Eigenvalues of the Hamiltonian 
by J, irrespective whether there is a discrete or a continuous spectrum. On the real sphere 
the spectrum is always discrete and on the hyperboloid (two-sheeted) continuous. The kernel 
in its wave-functions expansion and spectrum on the complex sphere will be displayed in the 
most cases in a discrete formulation. The corresponding restriction to the sphere or hyperboloid 
then will decide whether one can keep the discrete formulation as it is or one must analytically 
continue to the continuous spectrum. However, on the single-sheeted hyperboloid and on the 
0(2,2)-hyperboloid one has in fact both: a discrete and a continuous part. The latter is not 
discussed in the sequel and is postponed to a future study. In the enumeration of the coordinate 
system we keep the convention of the corresponding systems on the sphere and hyperboloid 
from previous publications [121 [37] . In some cases we note explicitly the correspondences to the 
sphere and hyperboloid cases to illustrate the examples. 

The third section contains a summary and discussion of our results. 

2 The Path Integral Representations: Part I 
2.1 System 1: Cylindrical 

The cylindrical coordinate system on the complex sphere S^c has the form: 



zi = sin ■!? cos ifi Z2 = sin sin ipi 
Z3 = cos 'd cos Lp2 Z4 = COS 1? siu ip2 



(i9g (0,f), (^1,(^2 G [0,2^)) 



(2.1) 



The set of commuting operators characterizing the cylindrical coordinate system are 



^1 - -^23) 



I 



14 



(2.2) 



The metric terms have the form 



ds^ = di?^ + sin^ § difi + cos^ 'd dipj , 
= sin cos , 



= cot i} — tan r<^j 
Therefore we have for the momentum operators: 



Pi? 



f^f d 1 „ 1 
- I 1 — cot v tan rf 



i yd'd ' 2 
and the Hamiltonian is given by 



0, 



h d 



i difi ' 



P^2 



h d 



i dip2 



(2.3) 



(2.4) 



H 




1 



92 



1 



52 



52 d 

—2 + (coti? - tant?)— + — ^^-^ H T^^-^ 



1 2 
sm V 



1 



-—14 

cos^ I? ^'^^ ) 8m \ cos^ ' sin^ 



1 1 

+ 



(2.5) 
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In the second line in ()2.5p a quantum potential oc appears which is due to the ordering of the 
position and momentum operators in H. The path integral solution on the complex sphere S^c 
is identical to the the usual sphere S^th and is well-known from the literature and I just state 
the result. 

In the canonical formulation we have [11^ [T2| \T8\ [T9] (compare also O lU I39j ) 

K^'''-^o)(^r,^',^l^[,ipl^'^;T) 



lim 
Af^oo V27rie?i 



Y[ / d9j sin 'dj cos 'dj d(pijd(p2j 



r . N 



f A^i? ■+cos2 i?, AVi,7+sin2 ??,-AV2,,) + — ( 4+ — + 



cos^ 'iJj sin^ -i^j 



dt 



^{t")=-&" 



'D'd{t) sin-!? COST? 



exp I 7 / ^ fi9^ + cos^ + sin^ d'pf) + ^ f 4 H \— + — ^ 

yhJt' \_2\ ^-^J 8m V cos2 7? sin^ 



dt 



E E ■ 

j=0fci,fc2e2 



47r2 



1^ J-|mi| + |m2| ^ I ^ J+|rrai|-|m2| ^ i 



X (sin 1?' sin t?") '""^ ' (cos t?' cos ' 

(J-|mi|-|m2|)/2^ (J-|mi|-|m2|)/2\ > 



(2.6) 



(uj = ?i(tj), Atij = — lij-i, Uj = u{t' + tj), for u = i!},ipi,ip2, e = T/N, sin^-i^j = 
sin^ sin^ -iJj.x, and for cos^ i? similarly). Here we have stated the explicit lattice definition 
of the path integral. Thus we have for the wave-functions on Ssc and the energy-spectrum 



2(J+ 1) |^ J-|r»i|-|m2| ^| |^ J+|mij + |m2| ^, 
J-|mi| + |m2| ^ j ^ J+|rrai| — |m2| ^ | 



1 ( . 

gi(fcll/Pl+fc2<P2) 



2tt 



sin^)l-l(cos^)l-lp(^|i;l-IL^I)/, 



;cos 2'd) 



Ej = —J{J + 2) 



The kernel can be cast into the form of a 0-function [9] 



47r2 dcos^_5{3) \ 2 
The corresponding Green function (resolvent kernel) has the form 



hT ' 

2-11171 



m sin[(7r - ipg^a) ) (7 + 1/2)] 
1^5(3) , 27r;i2 sin[^(^ + 1/2)] sin ^5(3) 



(2.7) 
(2.8) 

(2.9) 

(2.10) 
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where the quantity cos '05(3) (invariant distance) in spherical coordinates is given by 
cosV'5(3)(z",z') = cost9'iCos??'/ + sin??'isinT9'/(cosT92CosT92+sinT92sin??2Cos(99''-((5')) , (2.11) 



and 7 = — 1/2 + ^/2mE/h'^ + 1. The expressions (|2.9p and ()2.10p are independent of the partic- 
ular coordinate representation. 

Note that the corresponding representation of the Green function of the three-dimensional 
hyperboloid has the form (i^^{3)(r) cannot be stated in closed form [12j ) 



G'A(3)(d^(3)(u",u'),i?) 



-m 



IT- 



Q 



1/2 



= ft2 sinh ^^(3) (u", U') -l/2-i^2mE/h2 



-(cosh 0(^(3) (u",u') J , (2.12) 



coshfi is the invariant distance on A^^^ given by 

cosh ^^(3) (u", u') = cosh t' cosh t" — sinh r' sinh t" cos -i?' cos i9" + sin i?' sin cos((/9" 

(2.13) 

with T,'d,ip spherical coordinates on A^^\ Q denotes a Legendre function of the second kind. 
The cylindrical system exists on the three-dimensional sphere (System I.) and on the three- 
dimensional hyperboloid (System I., in the following we use the notations and enumerations of 
[12l[37]). Note the difference in the Legendre-function (first or second kind) depending whether 
we consider the real sphere or the real hyperboloid, respectively. 

2.2 System 2: Horicyclic 

The horicyclic coordinate system on the complex sphere S^c has the form: 
e-i^ + (1 + ?/2 + e^^^ 



zi 



Z2 = ly e'- 



= iz e 



Z4 



+ (l + y^ + z2)ei^ 



(2.14) 



{x,y,z G IR). The set of commuting operators characterizing the horicyclic coordinate system 
are 

Ci = (/42+i/2l)', r -^T^ , _^2 
The metric terms have the form 

ds^ = dx^ + e^'''{dy'^ + dz^ 



^2 = (/34 + i/is)^ 



(2.15) 



V9 



,2ix 



= 2i, 



r, = o, 







(2.16) 



This coordinate system corresponds to a subgroup algebra of so(4, C), namely £{2, C). According 
to Ref ■ |36j there exist six such systems (which make up the six coordinate systems on £{2, C)), 
and together with the horicyclic systems they are systems (5), (9)-(12). The momentum oper- 
ators are: 

h / d \ h d h d 



Px 



i \dx 



+ 1 , 



Py 



i dy' 



Pz 



i dz 



(2.17) 
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The Hamiltonian is given by 



H 



2m 



— 2i— 

dx"^ dx 



-2ix 



1 

2m 



Qy2 Q^2 



2m 



(2.18) 



For the path integral we find 



K(^'^^io\x",x',y",y',z",z' -.T) 

x{t")=x" y{t")=y" z{t")=z" 

Vx{t) J Vy{t) J Pz(t)e2'^exp 

x(t')=x' y{t')=y' z{t')=z' 



1 



2 2m 



dt 



e / dky I dt 



^iky{y"~y')+ik4z"-z') 



(2vr)2 



x{t")=x" 



Vx{t) exp 



x{t')=x' 



h Jo 



m 



^2 



2 , i2\ -2\x 



2m 



{ky + k^) e 



dt 



(2.19) 



The path integration in the variables y and z are just plane waves. The remaining path integral in 
the variable x we can solve this path integral by an analytic continuation of the Liouville path 
integral solution [19]. In [5] it was shown that the proper continuation are Hankel functions 
2-^/^H^^ly^{k e"'^) 0, hence we obtain: 



K^^^'^\x",x',y",y',z",z' -.T) 



A(x"-x') 



dky / dkz 



Jky{y"-y')+ik4k4z"^z') 



^ X! 2^J+i/2\y "'y 
JelNo 



k?, + fc^ e ] (\/ ky ~^ ^z 



exp 



i ftV(J + 2), 
h 2m 



(2.20) 



The normalization follows from the consideration (l/\/2)-f^n^^ (A; e'^) e''^^/\/27r (x ^ oo). Note 
the relation Hu^\iz) = {2/m) e^'^'^/'^Ky{z). The wave-functions on S^c and the energy-spectrum 
are 



^Jkyk, {x,y,z) 



^i(kyy+kzz) 
2^ 



e- -^H^P 



^-J+1/2 



Ej = -J(J + 2) . 



(2.21) 
(2.22) 



The horicyclic system exists only on the three-dimensional hyperboloid (System II. 
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2.3 System 3: Spherical 



The spherical coordinate system is the best-known coordinate system and has been discussed 
extensively in the literature, including its generalization to D dimensions. We have: 



zi = sin X cos 1? Z2 = sin x sin cos if 

Z3 = sin X sin i} sin ip z^ = cos x 

The set of commuting operators is given by 

= ^12 + -^13 +-^23' 



(xe [0,7r),i9e [0,7r),(/?e [0,2^)) 



'23 



(2.23) 
(2.24) 



The metric terms are given by 

ds^ = dx^ + sin^ x{ d"!?^ + sin^ ■& dip"^) 
^ = sin 1? sin^ x , 



. ^ = cot T-^ = 2 cot = . 



(2.25) 



The spherical system corresponds to the so(3, C) subalgebra of so(4, (D) such that the subsystem- 
coordinates are coordinates of the two-dimensional complex sphere 820 ■ -^i + + ^3 = 1- 
According to Refs. [2^1231 [27] there are exactly five such systems, and together with the spherical 
system these are the systems (4), (6), (7), and (8). The momentum operators are: 



Px 



h/ d 



i V^x 

and the Hamiltonian is given by 



+ cot X , Pi) 



hf d 



1 



+ - cot 1? , 



H 



2m 



dx^ 



d 



+ 2cotx7^ + 
OX 



sm X 



+ cot-!? 



d_ 



+ 



sm 



h d 
i dip ' 



1? V 



(2.26) 



1 

2m 



2 ^ 

Px + 
^ sm X 



8m 



4 + 



sin^ X 



1 + 



1 



sin ■!? 



(2.27) 



I do not go into the details of the path integral solution of the spherical system, because this 
has been done extensively in the literature, e.g. [21 HJ [18l [191 El [El [39]. We state 

K^''^\^\^,r,^\p>",^';T) 

x{t")=x" i){t")=i)" v{t")=v" 

= j Vx{t)sm^x j V^{t)su).^ j Vp{t) 



x(t')=x' 
X exp 

1 



h. 



f" ? (x' + sin^ X{^' + sin^ + |^ ( ^ + (l + 

Jt' 2 ^ ' 8m \ sm^xV snrw/ 



^ l)Cj(cos^5(3))exp 



j=o 



E E *J,m,™(x",''"./)>l'},™,,,„(x','''.v')exp 

J=0mi,m2 



(2.28) 
(2.29) 
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^j,m„mAx,^,^) = N-y'e'"'-nsmxr'Cjl+licosx){sm{}r^C:::i^^^^ , (2.30) 

27r32-(i+2mi+2m2) p(j + + 2)T{mi + ma + 1) 



N 



(J + l)(mi + 3/2)(J - mi)!(mi - ms)!) r2(mi + I)r2(m2 + 3/2) 



(2.31) 



and the energy-spectrum (j2.8p . The spherical system exists on the three-dimensional sphere 
(System III.) and on the three-dimensional hyperboloid (System X.). 



2.4 System 4: Horospherical 

This coordinate system is defined as 

1 



Z3 



e-^" + (l-y2)e'" 



(i + y')e'" 



sm X Z2 = y e sm x 

sin X Zi = cos X 



{x S (0, ■K),x,y G IR). The set of commuting operators is given by 

= If^ + + , £2 = (/32 + i/21 )' 

and the metric terms have the form 

ds^ = dx^ + sin^ x{ '^x'^ + e^'"^ dy^) , 
^/9= e'^sin^x , 



2 cot X, = i, Ty = . 



The momentum operators are 
and the Hamiltonian is given by 



+ cotx 



Px 



h/d_ i_ 



H 



2m 

1 
2m 



d 

+ 2cotxT- + 



Y 



92 



Py 



d 



hd_ 
i dy 



+ 2ix— + e" 



-2ix 



dx sin^ X V c^2;2 5x 



dy"^ 



2 ^ 
^ sm X 



8m V sm X 



For the path integral we find by separating off the y-path integration (plane waves): 

K^''^Hx",^,x",x',y'\y'-T) 

x(t")=x" x{t")=x" y{t")=y" 

= J Vx{t) j Vx(t) J Vy{t)e'^Wx 

x{t')=x' x{t')=x' y{t')=y' 



X exp < - 

n Jo 



^X^ + sin^ X(i^ + e^^^y^) + ^ ( 4 + 



sin^ X 



dt 



(2.32) 



(2.33) 



(2.34) 



(2.35) 



(2.36) 
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X(t")=x" x{t")=x" 

X J Vx{t) J Vx{t)smx 

Xit')=x' x{t')=x' 



IR 



2^ 



X exp 



1 



^ JO 



■y + sm Y 
2^ ^\ 2m 



2^1-2 y "lix 



8m sin x 



dt 



(2.37) 



In the x-path integration we can use the result of the horicychc system (2) with energy spectrum 
En^ = (na; + lfh'^/2m, £ INq, yielding 

i^(^3c) (y/, y ^ y"^ y'. T) = (sin x' sin x")"' ^W'-^) e^^T/2m 



X 



27r ^ 2^ij+l/2(l^?/l 



•3 '"^ )-^iJ+l/2(l^yl 



x{t")=x" 
X y Px(i) exp 
xit')=x' 



-X 



(sinx' sin x")~'/' gi;.T/2™ 



ft 7o \ 2 ^ 2m sin^ x 



1^2 1\ 

^ dt 



R 27r 



r(Z + 2n:r + 2)) 



xE 

X exp 



(/ + + 1) 



n 



-r,—nx — 1/2 , /N„-na; — 1/2/ //n 

^«+n.+l/2(cOSX )i^,+„^+//2(cOSX ) 



i ft^(/ + n^)(^ + n^. + 2), 
h 2m 



(2.38) 



The path integral in the variable x is just one for the symmetric Poschl-Teller potential [51 119t 
130] . This yields for the wave- functions on S-^c 



n^+l/2V"'?/^ J 

Til + 2n^ + 2)) 



1/2 



P, 



sin X 

and the energy-spectrum (j2.8p . by observing that we can re-define J = I + Ux- 



iZ:i\%i^^^x) , (2.39) 



2.5 System 5: Horicyclic-Polar 

This coordinate system is defined as 
1 



e— + (1 + g^) e- 



Z2 = ip e cos (f 



= ige sm If 



Z4 



e-i^ - (1 - ^2) 



(2.40) 
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{(f £ [0, 27r), X G ]Rf3 > 0). and the set of commuting operators is given by 

£i = (/I2 + ihif + (/I4 + i/13)', = Ih ■ 

For the metric terms we have 

= + e2'^( d^2 ^ ^2 ^^^2) ^ 



(2.41) 



(2.42) 



1 



, = 2i, = , 



and the momentum operators are 

_hl d 
i V^x 

Thus, the Hamiltonian is given by 



+ 1 , Pe 



hfd 1 

+ 



i ydg 2g 



Pip 



h d 
i d(p 



(2.43) 



H 



2m 

1 
2m 



dx^ dx 



2\x 



92 15 1 92 

+ -T^ + 



dg^ Q dg g^ dip^ 



1 



pl + --''nvl + j,Pl 



-2ix 



8m g-^ 



(2.44) 



In the following path integral, the variable <p can be separated off in terms of circular wave, the 
variable g in terms of a radial path integral (free motion) , and for the remaining path integration 
in X we find similarly as in the horicyclic system (2) 

K(^«^)(x",x',£.",^>',^",V'';T) 

x{t")=x" e(t")=e" 'p{t")=v" 



Vx{t) / Vg{t) / Vip{t)ge 



J2ix 



x{t')=x' Q{t')=e' 



X exp < - . 
\hJo 



g-i{x"-x') 

x{t")=x" 



|i2+e2'^(^2 + ,V) + e-2^^^ 



2^ 



dkgkgjyikgg ) Ju {k g g ) 



Vx{t) exp 



x(t')=x' 
,-i(x"-x') J2 



( !!^i2 _ ^-2ix^^ 

hJo [2 2m 



dt 



Qiu(ip"-ip') poo 
2^ 



dkgkgJi^i^kgg )Ji/{kgg ) 



X 



X! 2-^J+i/2(l^el ^ J^^j+i/2y\'^(> 



e-'"'>yii/2(l^.|e^'')exp 



JeiNo 



i h^J{J + 2) 
h 2m 



The wave-functions on S^c are given by {kg > 0) 



'^Jkguix,g,ip) 
with the energy-spectrum (|2.8[ 



kgJ,y{kgg)e ■ ^Hj^^^2{kg e ) , 



(2.45) 



(2.46) 
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2.6 System 6: Sphero-Elliptic 

This coordinate system is defined as 

zi = sin X sn(a, k) dn(/3, k') Z2 = sin x cn(a, k) cn(/3, k') 

= sinxdn{a, k) sn{(3, k') Z4 = cosx- 

(x G (0, vr),a € [—K,K],(3 £ [— 2i^', 2i^']). The set of commuting operators is given by 



(2.47) 



Cl - Ln + Jio + In, 



Co 



-'23 



2 7-2 

13 



(2.48) 



The elliptic coordinate system reads in algebraic form as follows (ai < Qi < a2 ^ Q2 ^ cl^) 



R 



2 (01 - Ql)(g2 - Ql) 
(02 - ai){as - ai) 



R 



.2 (gi - a2)(g2 - 0-2) 
(03 - a2){a\ - 02)' 



Pi' 



(gi - 0^3) (g2 - a3) 
(oi - 03) (a2 - 03) 



(2.49) 



If we put Q\ = (02 — ai) sn^(Q, k) and ^^2 = 02 + (03 — 02) cn^(/3, A;'), where sn(a, /c), cn(Q, A;) 
and dn(a, /c) are the Jacobi elliptic functions with modulus /c, we obtain for the coordinates s 
on the sphere (also called conical coordinates) 



s\ = R sn(a, fc) dn(/3, k') 

52 = Rcn{a, k) cn(/?, k') 

53 = i? dn(a, k) sn(/3, k') 



where 



k' 



a2 — ai 



sinV , 



k" 



as - a2 



-K <a<K) , 
-2K' <(3< 2K') , 



cos^ / , A;2 + A;' = 1 



(2.50) 



(2.51) 



03 - ai 03 - ai 

K = K{k) = §2-P'i(^i ^; 1; A;^) and K' = K{k') are complete elliptic integrals, and 2/ is the 
interfocus distance on the upper semi-sphere of the ellipses on the sphere. Note the relations 
cn^a + sn^a = 1 and dn^a = 1 — A;^ sn^a. In the following we omit the moduli k and k' of the 
Jacobi elliptic functions if it is obvious that the variable a goes with k and (3 goes with k' . The 
metric terms are now 



dx^ + sin^ x{k'^ cn^a + ^'^ cn^/3)( da^ + d/5' 



y/g = (A;^ cn^a + k''^ cn^/3) sin^ x > 

r -9r.^+^. r - o fc^ sua cna dug ^ _ r, fc'^ sn/3 cn/3 dn/? 
iy-^cotx, ic«--^7o — o —72 — o— , -'-/3---^7o — 0-— T72 — o 



' ; 2 2 , r 72" 2 ' 

A: cn a + A; cn a 
The momentum operators are (p^^ as in ()2.35p ) 



k^ cn^/3 + k^cn^P 



(2.52) 



d 

Pa = T[Tr 



k'^ sua cna dna 
i\da k'^ cn^a + k'^ cn^a 

and the Hamiltonian has the form 



h / d k''^ sn/3 cn/3 dn/3 



2m 



92 5 
+ 2 cot X— + 



1 



i A:2 cn2/3 + A:'2 cn2/3 

1 / 92 



(2.53) 



+ 



1 

2m 



dx sin2 X A:2 cn^a + A:'2 cn^a V da^ 8(3'^ 
1 ,00. 1 



sin X^A:2cn2a + A;'2cn2/3 



A;2 cn^a + A;'2 cn^/J 



. (2.54) 

2m ^ ' 
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The corresponding path integral representation has been discussed in [121 E] and we just state 
the result: 

i^(^3^)(x",x',«",«',/3",/3';T) 

X(t")=x" a{t")=a" /3(i")=/3" 

X{t')=x' a{t')=(x' I3{t')=l3' 



im 



X exp • 



2ft 



dt + 



2m 



oo J 

Af,.(«")Ai:;:(a')A^,(/3")A^,^(/3') 

J=0/=-J A p,q=± 



x(J 



+ ^) ^Y/-t|!^' e--^^(^-^2)/-p;;7;f (sinx'O^'jjv'^^^--^') ' (^.55) 



The solution in the variable x is again of the symmetric Poschl-Teller type. For the periodic 
Lame polynomials A^^(2) we have adopted the notation of [38]. In [38] it is shown that the wave- 
functions of the spherical basis \lm> can be expanded into the wave- functions of the elliptical 
basis |/A> and vice versa. The are Lame polynomials A^^ are satisfying (k"^ = 1 — /c'^) 

d^Af, 



da 



'^ + [h-l{l + 1)A;2 siP{a, A;)] Af^ = , 



Aff,{-a) = pAihia) , h = -^ + l{l + l) . 



(2.56) 



The functions A^^,(/3) satisfies the same equation with a^P,k^k',h^h = A/4 and p ^ q- 
These functions are also called ellipsoidal harmonics which satisfy the orthonormality relation 



da / dl3{k' cn^a + k'^ cn^(3)Al - (a)Af *(a)A^, .,(/3)A^^,(/3) = W^hh • (2-57) 



Here A is the eigenvalue of the operator E = C2 [38j which commutes with the Hamiltonian. 
The wave-functions on 82,0 have the form 



= Af ,(a)A^- J(J + l) ^Yj-i|!^^' , (2.58) 



and the energy-spectrum (j2.8p . The sphero-elliptic system exists on the three-dimensional sphere 
(System II.) and on the three-dimensional hyperboloid (System III.). 



2.7 System 7: Spherical-degenerate elliptic I 

This coordinate system is defined as 



1 / cosh T2 cosh Ti 
■ sm X I ; h 



2 V cosh Ti ' cosh T2 



23 = smx 



1 



cosh Ti cosh T2 2 



1 / cosh T2 cosh Ti \ 

2 \ cosh Ti cosh T2 J 



Z2 = sin X tanh ri tanh T2 
Zi = cos X 



(2.59) 
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(x G [0, 7r),ri,r2 G IR). The set of commuting operators is given by 

^1 = + Ifs + Ik ^2 = -Ih + + i{^3i , 132} ■ (2.60) 
{/, J} = /J + JI denotes the anti-commutator of the operators / and J. The metric terms are 

1 1 



ds = dx + sin x 



= sin X 



COSh^ Ti COsh^ T2 

1 



COSh^ Ti COsh^ T2 



2cotx, r,i, =^2 



sinhri,2 1 

cosh Tl 2 cosh Ti — cosh T2 



(2.61) 



The momentum operators have the form 



Px 



i \dx 

and the Hamiltonian reads 



hf d \ hfd , 
-I h cot X , Pn = - [ h 



i \dTi 



2 Tl j 1 FT2 



^(^ + lr„) . (2.02) 



H 



2m 



92 d 
— + 2 cot X— 



dx 



+- 



1 



1 



sin X V cosh ri cosh T2 / \ 5rf 



9ri c?r2 



2 2-^ 



1 

2m 



1 



1 



sin X Vcosh ri cosh T2 



8m V sm X 



1 \"^/2 / 1 

^2) ^^-"^-K^ 



1 



2 Tl COSh^ T2 



dT2 

-1/2 



(2.63) 



In the calculation I use now for the (ti, r2)-subpath integration a path integral solution on the 
two-dimensional hyperboloid [12^ p. 97], i.e. the kernel in terms of elliptic parabolic coordinates. 
The x-path integration is the usual symmetric Poschl-Teller case [H [T9| [30] , therefore we obtain 

K(-'^^^^\x",x',r^,r[,rlT^;T) 

X(t")=x" Mt")=r[' r2{t")=r^' 



[ Vx{t) I Vn{t) [ VT2it)sm\(^. 
J J J Vcosh 



x{t')=x' 



X exp < - . 
\hJo 



ri{t')=ri 
T 



2 Tl COSh^ T2 



m 2 2 

—X +sm X 



1 



J^)(n'-^l) + |^f4+-l 
hV2/ 8mV sm^ 



(sin x' sin x") e 



ri\-l JhT/2m 



cosh Tl cosh T2 

dk k sinh nk 



X 



dt' 







(ippsinhvrp 



(cosh nk + sinh irp)^ 



X E 4'-i/2(e tanh T^)Pri_\/2i^ tanh T^^^t 1/2 («' tanh r^)Pr,%{e' tanh t^) 

) X r m / o 9 1 ' 

"1-2 ft P - 3 



X 



Px(i) exp 



x(t')=x' 







2 



2m sin x 



di 
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dk k sinh irk 



(sinx'smx'r'e'''^/2m / ^ppsinhTrp ^2 , , ■ ^2 ,2 

Jo Jo (cosh irk + smn vrpj^ 

Y: 4'-i/2(e tanh r^)Pr%{e tanh t04'-i/2 ^anh r^)Pit'i/2(^' t^nh 



e,e'=±l 

JeiNo L 



X exp 



i h^J{J + 2), 



i,r(p + 2J + l) 



J! 



P 



-j-1/2 



j+p+1/2 



J+p+1/2 



cosx 



h 2m 

The wave-functions on S^c have the form 



(2.64) 



-1 



x(sinx) 



and the energy-spectrum (j2.8p . 



sinh vrpA; sinh vr/c 



cosh^ Trk + sinh^ vrp 
i,r(p+2J+l) 



(J + P + 



J! 



/>;f_i/2(6 tanh n)P;f_^/2(6' tanh ra) 

''-Y/'2(cosy) , (2.65) 



P 



2.8 System 8: Spherical-degenerate elliptic II 

This coordinate system is defined as 



zi 

Z3 



ismx 



SmX.^o 2n2 

Zi = cosx- {-^'12,^3} + i{A2,%} 



(x G (0, vr),^, ry > 0). The set of commuting operators is given by 

= /12 + -^13 + -^23' ^2 = -I12 + Il3 + i{-^12, -^23} 

and the metric terms are 

1 



(2.66) 



(2.67) 



ds^ = dx^ + sm'^x(jj2 

2cotx, rg = -4- 



The momentum operators have the form 



1 



1 



h/ d 



i \dx 

and the Hamiltonian reads 



i/??'-i/e 

d 

Pv = 



(2.68) 



+ -r J 



(2.69) 



2m 

1 
2m 



52 9 1 

— + 2 cot X— + 



1 



1 IX -1/2 



sin^xV??^ ^2 



^ ' sin^xU' ^''V^2 ^2 



)^2 ^ 2-^ 
1 



92 



~'~ 2 ^^2 ~^ 2 '7^^ 



+ ir 



d 



8m V sm x 



(2.70) 
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For the path integral we obtain 

x(t")=x" .... ... 

K(-''^Hx",x',e,e,v",V;T)= I Vx{t) I Vm I Pr?(t)sin2x(4-|2 

x{t')=x' 



?(*")=?" 



ri{t")=r)" 



Vit')=ri' 



X exp ■ 



fi Jo 



m 



-X +sin X 



1 1 

^2 ^2 



e(t')=?' 



sin^X 



dt 



(2.71) 



For the evakiation of this path integral we first consider the ?7)-subpath integration, denoted 
by K {S^" , , r]" , rj' ; T) . By the usual technique of space-time transformation we obtain for the 
corresponding transformed path integral 



as")=e' 



■n{s")=-n" 



?(o)=?' 



ri{0)=v' 



Vr]{s) expi- 

n Jo 



m 



ds 



(2.72) 

We therefore obtain two path integrations for the inverse-square potential. Problems like these 
have been discussed in [121 113j . The corresponding Green function we can write as follows: 



G{i",i',r^",r,'-8) 



,2 



ds"K{e,e,ri",v';s") 



- ds" fd^^is^yn. 
27ri 



X exp 



2ihs' 



hs 



h J 



h J 



(2.73) 



{£ = (A — -g)/2m). denotes the smaller /larger of and similarly for rj. By means of 

a similar analysis as in [121 [T3] the Green function G{£) is found to read 



1 



nfc" d " ' f\ - / /„/// / . f"" dkksmh^nk 
,i,ri ,rj;£) = ^V/^yW" / d^ 

xH%{^aH%\V^aH%{^v')H%*iV^r^'') . (2.74) 



h'^k'^/2m-£ 



We insert this result in ()2.7ip and get together with the remaining path integral in x (symmetric 
Poschl-Teller case): 

K('^^^'Hx",x',e,e,v",ri';T) 

1 r POO 

= ^VT^yW' j dk j dppsmli'^7rpHj^^\^C')Hj,^''*{^^'')Hj,^H^v')Hj,^''*{^v'') 



X E 

JeiNo 

X exp 



i h^J{J + 2 
h 2m 



i,r(p + 2j + i) 



J! 



^J+P+1/2(C0SX)^J+P+1/2(C0SX ) 



-J-1/2 



■T 



(2.75) 



2 THE PATE. INTEGRAL REPRESENTATIONS: PART I 



The wave-functions on S^c have the form 



2tt 



x(sinx) ^ 
and the energy-spectrum (12. Sp . 



2.9 System 9: Horicyclic-Elliptic 

This coordinate system is defined as 



i,r(p + 2J+l) 



J! 



^J+P+1/2(C0SX) 



2:1 = ^ e + (1 + cosh^ Ti + sinh^ r2 

ix 



2 _ ^ 



Z2 = i cosh Ti cosh T2 e^' 



Z3 



= sinh Ti sinh T2 e'' 



Z4 = ^ e + (-1 + cosh^ Ti + sinh^ T2) 



{x,Ti,T2 € ]R), the set of commuting operators read 

Cl = (/42 + i/21)^ + (/34 + i/l3)^ = lis + (/34 + i/is) 

the metric terms are given by 

ds^ = dx + e^'''(cosh^ri - cosh^T2)(dTf - drf) , 

= e^^^' (cosh^ Ti — cosh^ r2 ) , 

Y — 2[ r — 2 sinh r2 cosh T2 p _ — 2sinhr2COshr2 

^ ' cosh^ T2 — cosh^ r2 ' cosh^ r2 — cosh^ T2 



the 



cusii / 2 — "-uoii / 2 

momentum operators have the form 

h / d \ hf d 



1 Vo'a; / 
and the Hamiltonian reads 



hf d \ hf d . \ hfd . 



H = - 



2m 



dx'- 



3— 2ix 



1 

2m 



+ 2i ^ + + r ^ r 

3x cosh^T2 - cosh^r2 \5rf 9ri 9r| 

„-2ix 1 



Y cosh T2 — cosh r2 y cosh r2 — cosh T2 _ 

For the path integral representation we obtain 

x{t")=x" ri{t")=T[' r2(t")=r^' 

= y" Vx{t) J Pri(t) y" pT2(t)e2'^(cosh2ri -cosh2T2) 

X(t')=x' Tl{t')=T[ T2{t') = T^ 



2m 



X exp < - 

n JO 



m 



+ e2*'^(cosh2 n - cosh^ T2)(ff - f|) + -— 
2 2m 



dt 
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We first consider the path integral in {ti,T2). It has exactly the form of the path integral 
representation of an elliptic coordinate system on the two-dimensional pseudo-Euclidean plane 
[T2I l20t l26] . We can immediately use the corresponding result, and together with the x-path 
integration of the horicyclic-polar system this yields the final result 

= ^fpdP J^dk e-'^'=Meifc(r^;f )Mer,(r^;^)M,f (r^2)M,i^)*(r{;f) 



JeiNo 



i h^J{J + 2) 
h 2m 



The wave-functions on are given by 



(2.83) 



^jpk{x,n,T,) = ^e--'/'Me,,{T2; i)M^^{n; I) ^-'^ Hf^y,{p e"'^) , (2.84) 

and the energy- spectrum Mey{z) and Mei?^ (z) are Mathieu- functions [35], which are 

typical for the quantum motion in elliptic coordinates in two dimensions [llj . 



2.10 System 10: Horicyclic-Hyperbolic 

This coordinate system is defined as 



1 

'' = 2 



+ (1+ e 



2|/ 



V2 



sinh(?/ — z) — e 



y+z 



Z2 



V2 
i r 



sinh(y — z) + e 



.y+z 



+ (-1+ e' 



2y _ g2^^ ^ix 



{x, y,z £ IR). The set of commuting operators is given by 

Cl = (/42 + i/21)^ + (^34 + ihsf, C2 = /I3 - (/42 + hi + i/12 + i/34)^ 



(2.85) 



(2.86) 



The metric terms are 



ds2 = dx2 + e^'^ie^y + e2^)(dy2 - dz^) 
^= e2i^(e2y + e^^) , 



r — 2i r 



2e''y 



-2e 



22 



e'^y + e 



2z ' 



g2s/ _^ g22 



The momentum operators have the form 



Px 



h/ d . 
i \dx 



Py 



1 \dy 



2-^2/1; Pz 



with the Hamiltonian given by 

t2 



H 



h 

2m 

1 
2m 



-2ix 



^ r i_ 

dx'^ ' dx ' e'^y + e^^ I dy'^ ^ dy dz"^ ^ dz 



52 d e" 

+ 2i— + 



-2ia; 



V e2y e2^ 



V' 



1 



,2y p22 



2m 



(2.87) 



(2.88) 



(2.89) 
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For the path integral we obtain 



x(t")=x" 



x{t')=x' 



X exp ■ 



yit")=y" 

J Vx{t) j Vy{t) j Vz{t)e^'''{e^y + e 

y{t')=y> 



z{t")=z" 



z{t')=z' 



h Jo 



^^2^ g2ix(g2,^ g2.)(.2_ .2)^|_ 



dt 



(2.90) 



We start by considering the (y, 2;)-subpath integration. This two-dimensional sub-system corre- 
sponds to the second of the hyperbolic systems on the two-dimensional pseudo-Euclidean plane 
^(1, 1) da [201 [26], in particular [lT|. The result is given by 

2 fOD POD 

K{E{i,i)) ^y,,^ y,^ z",z';T) = ^ dkk sinh nk dpp 







Using the result of the x-path integration of the horicyclic-polar system we get finally 

K^'-^^\x",x',y",y',z",z';T) 

2 III III 

= ^ dkksmhTik I dppKik{ey" p)Kik{e'^' p)Kik{-ie^' p)Kik{ie''" p) 

Jo Jo 



X E hHyl/,ipxe-")H^l,^,{pe-')exp 

JGlNo 



i h^J{J + 2), 
h 2m 



The wave-functions on Ssc are given by 



^jpk{x,y,z) = :M^^K,^[p^y)K,k{-\pe^)e-'-Hf^^i^{p e--) 



and the energy-spectrum (12. 8p . 



2.11 System 11: Horicyclic-Parabolic I 

This coordinate system is defined as 



e-i" + (1 + 1 (^2 ^ ^2)2) ^2 = 1(^2 - rf) e'" 



e-i" + (-1 + 1(^2 +r/2)2) e- 



2;3 = i^r/e'^ 2:4 = 1 

(x, ^ G IR, ?7 > 0), with the set of commuting operators given by 

Cl = (/42 + i/21)^ + {Ha + i/l3)^ = {/23, ^42 + i/21} 

The metric terms are 

ds2 = dx2 + e2'^(e2 + 7?2)(d^2 ^ j^2) ^ 

r — 91 — F — "^V 



(2.91) 



(2.92) 



(2.93) 



(2.94) 



(2.95) 



(2.96) 
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The momentum operators read 



Px 



hfd_ 
i \dx 



+ 1 



i \di e+v^ 



Pv 



V 



i \dr] S,"^ + rf^ 



and the Hamiltonian has the form 



H 



2m 



-2ix 



+ 



2e 



+ 2' ^ + ^~ 

dx"^ dx C'^ + f]"^ \ ' ^2 _)_ ^2 ' ^2-2 ' ^2 _|_ ^2 Qj^ 



d 

+ TT^ + 



2t] d 



1 

2m 



pI + 



g-2ix 



1 



2m 



For the path integral representation we obtain 



(2.97) 



(2.98) 



K{x",x\i",i',r,",r,'-T) 

x(t")=x" i{t")=i" 



v{t")=v" 



J Vx{t) J Vm J Vrj{t)e'-^^{e + v') 



x{t')=x' 

X exp • 



rT ' 



V(t')=rj' 
2ix/c2 



dC 



dp 
r32^ 



|r(f + |)rii;.(^) 



|r(! 



K^|2e;(1) 

2p/l -^-1/2-iC/p 



JGlNo 



(pe" 



')<i/2(pe' 



I exp 



-l/2+K/p 

i h^J{J + 2) 
h 2m 



(2.99) 



In this solution we have exploited the path integral representation on the two-dimensional Eu- 
clidean plane in parabolic coordinates I12j . in particular [TT] for details. The wave-functions 



on E[ 



(0) 
-l/2-iC/p 



{z) are of even parity, whereas the wave-functions E 



(1) 

-l/2-iC/p 



{z) are of odd 



parity. The wave-functions on for even and odd parity, respectively, are given by 

|r(i + 



1 

8^ 
-+|)|^i^(°) 

'3 



,i7r/4 



2p^l ^-1/2+iC/p 

|r(| + |)ri^iVic/p(«^'^''^^^)^-Vic/p(«^^''^^) 



n(0) 



X e 



H 



(2.100) 



and the energy-spectrum (j2.8p . 
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2.12 System 12: Horicyclic-Parabolic II 

This coordinate system is defined as 



Zl 



1 { e-i- + [1 + 2(e - v)H^ + V)] e^"} ^2 = - V? + + v)] e'' 



Z3 = [U^-vf-iC + ri)]e'- 



The set of commuting operators is given by 



Z4 = i{ e-- + [-1 + 2(C - r?)2(C + r?)] e^}. 



(2.101) 



(2.102) 

The metric terms are 

ds^ = dx2 + 4e2i^(e-r?)(de^ - dr/2) , ^ 

^ = 4e2i^(e-r?) , I (2.103) 

= 2i, = ^ A — ^ — f] ■ 

The momentum operators have the form 



h/ d 



Px 



1 



dx 



Pi 



+ 



1 



Pv 



hfd 



i \dri 2(^ — r/) 



(2.104) 



and the Hamiltonian reads 

^2 



H 



fi- 
lm 

1 
2m 



9^ 5 e" 

+ 2i— + 



2\x 



^2 1 a ^2 1 a 



^ _ I ^^2 ^ _ ^ Qjj2 ^ — r] drj 
2 



For the path integral we find 



-2ix 1 
2 , ^ / 2 2- ^ 



2m 



(2.105) 



a;(t")=x" V(t")=v" 



Vx{t) 



Pr/(t)4e2'^(e-r?) 



x(t')=x' 



X exp < - 



T 



v{t')=n' 



|x2 + 4e2-(e-r?)(^2-f) + |- 



di 



(2.106) 



The (^, r/)-subpath integration corresponds to the path integration of the third parabolic system 
on the two-dimensional pseudo-Euchdean plane [12l [201 ISS] . Using the result of [12] and the 
horicyclic system we get 



16 



dp 

P^/^ 



dCAi 



Ai 
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xAi 



rj' + \/2m 



p2 





Ai 


- (^if + \/2^^^p2/3 









JGiNo 



i h^J{J + 2) 
h 2m 



T 



Here, the Ai are Airy- functions [9]. The wave-functions on S^c are given by 



V2 



,1/6 



Ai 



e + ^/2^^)p2/3 



Ai 



7/ + V2m-^ ]p^/^ 



'H 



and the energy-spectrum 



(2.107) 



(2.108) 



3 The Path Integral Representations: Part II 
3.1 System 13: Elliptic-Cylindrical 

We now come the those coordinate systems which do not have a subgroup structure. There are 
nine of them, and we can find for six of these cases a path integral representation. 
This coordinate system of the ehiptic-cylindrical type is defined as 

k 

zi = k sn(a, k) sn(/3, k) Z2 = — iyr cn(a, k) cn(/3, k) cos 

k' 



1 



Z3 



k 



- cn(a, k) cn(/9, k) sin cp = — dn(a, k) dn(/3, k) 
' k' 



The set of commuting operators is given by 



'23) 



Co 



^12 + ^13 + ^-^14 



(3.1) 



(3.2) 



and the metric terms are 

ds2 - -^2^o.2 



^(sn^a- sn2/?)(da2+ d/?^) + cn^a cn^/^dv?^ ^ 

k 



^ = k'^{sn^a - sn^/3)p- cna cn/3 , 
■p _ 2k'^ sua cna dna , cna dna 



2fc'^sn/3cn/3 dnp 
K cn a + A; cn p 



7 2 2 , iTT 2n 
K cn a + k cn p 



sna 



, ,2 sn/3 cn/3 
^ dn/:( 



(3.3) 

and = 0. In |121ll7j we have constructed a kernel for the prolate elliptic coordinate system on 
the sphere 5^^^. We used the definition for the coordinates (oi < pi < 02 < P2 < ^31 algebraic 
from) 

R-^ 



s2 



^2 



s2 
S4 



i?2 
i?2 



ipl 


- a2)(p2 


- 02) 


(03 


- 02)(ai 


- 02) 


(Pl 


- O2)(/02 


- 02) 


(03 


- 02)(ai 


- 02) 


(/'I 


-ai){p2 


- ai) 


(02 


- ai){as 


- ai) 


(Pl 


- a^){p2 


- 03) 



COS^ if 



sm 99 , 



(02 - 03)(ai - 03) 



(3.4) 
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In terms of the Jacobi elliptic functions we have {—K<a<K, —2K' < (3 < 2K' , < if < 27r) 

(3.5) 



si = i?cn(a, A;) cn(/3, fc') cos(^ , 

52 = -Rcn(a, A;) cn(/3, fc') sin(/j , 

53 = i?sn(Q, A;) dn(/3, A;') , 
Si = R dn(Q, A;) sn(/3, k') . 



The momentum operators are given by 



Pa 



i \da 



2'- a , 



i \d[3 



2 



h d 
i dip 



(3.6) 



Therefore we have for the Hamiltonian 



H 



2m 



1 / cna dna d 

(/c^ cn^Q + k'"^ cn2/3) \da^ sna da 

d'^ , ,2 sn/3 cn/3 d 

+ T7T^ - k 



2m 



k"^ cn^a + k'^ cn2/3 



+ 



1 



92 



dn/? (9/3/ ' sn2a dn^/? cJv'^ 
1 



(3.7) 



A;2 cn2a + 



8m 



4 + 



A;2 cn2a + k'"^ cn^P \ sn 



cn2a dn^a , ,4 sn2/3 cn^d 
+ k' 



'-a 



dn2/3 



(3.8) 



We found the following representation [H] (a G [-K,K],f3 [-K',K'],ip£ [0,27r),a G [-1,0]): 



a{t")=a" I3{t")=l3" 

= J Va{t) J VP{t){k^cn'^a + k'^cn'^/3)cnacnP J Vip{t) 

a(t')=a' /3(i')=/3' 'Pii')='fi' 



X exp ■ 



hJt 



({k^ cn^a + k''^ cn^j3){a^ + Z^^) + cn^a cn^/?^^^ 



+ 



1 



sv?f3 (1t?[3 4 sn2Q; dn2Q; 



1 

2^ 



8m A;2 cn2a + k'"^ cn2/3 V cn2/3 

ifc2{ip"-¥'') -2i;iTJ(J+2)/2m 



+ A:^ 



cn2a 



dt 

2m 



E E Ee— ^'e 

J=Or,p=±l (jfc2 



(3.9) 



This representation can be derived by a group path integration together with an interbasis 
expansion from the cylindrical or spherical basis to the ellipso-cylindrical ones. For instance, 
one has jl^ {r,p = ±1) 

*S&.(^,^i>^2) = EJ^S^^aSKA^;") - (3-10) 

9 
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where the a > corresponds to the oblate elhptic case (which we do not discuss here), and 
a £ [—1,0] to the prolate elliptic system, respectively. We have the factorization ^{a, (3,ip;a) = 
V'i(a;; a)-i/'2(/?; a) e^'^2'^/\/27r. For the associated Lame polynomials ipijqk2: ^ = 1)2, we adopt 
the notations of |16l I28j . The relevant quantum numbers have the following meaning: The 
functions '^f'fqk^iz) called associated Lame polynomials and satisfy the associated Lame 
equation. We take them for normalized. For the principal quantum number we have / € INq. 
{r,p) = ±1 denotes one of the four parity classes of solutions of dimension (J + 1)^, i.e., the 
multiplicity of the degeneracy of the level J, one for each class of the corresponding recurrence 
relations as given in [16^ [28] and the parity classes from the periodic Lame functions A^^ from 
the spherical harmonics on the sphere can be applied. These expansions have been considered 
in |16i [28] together with three-term recurrence relations for the interbasis coefficients. They can 
be determined by taking into account that a basis in 0(4) is related in a unique way to the 
cylindrical and spherical bases on S^^^ by using the properties of the elliptic operator A on S^^^ 
with eigenvalue q. Details can be found in [161 128] . Due to the unitarity of these coefficients 
the path integration is then performed by inserting in each short-time kernel in the cylindrical 
system first the expansions (I3.10p . second, exploiting the unitarity, and thus yielding the result 
(jS.Op . The elliptic-cylindrical system exists on the three-dimensional sphere (oblate and prolate 
spheroidal (System IV and V.), on the three-dimensional hyperboloid (System XVII. and XVIII 
— prolate and oblate elliptic). 



3.2 System 14: Elliptic-Parabolic 

This coordinate system is defined as 

1 / cosh Ti cosh T2 \ . u ^. u u 
zi = - [ ! Z2 = tanh ri tanh T2 cosh rs 

2 V cosh T2 cosh Ti / 



Z3 



-i tanh ti tanh T2 sinh rs 



+ 



i / cosh Ti ^ cosh T2 

cosh Ti cosh r2 ' 2 V cosh T2 cosh ri 
(ti, r2 > 0, T3 G IR). The set of commuting operators is given by 

= -^23' -^2 = I24 + -^34 ~ ^12 + -^13 ~ ^14 ~ H-^12, -^42} " i{-^13, -^43} 

The metric terms are 

ds^ = (tanh^ ri - tanh^ T2)( dr^ - drf) + tanh^ n tanh^ T2 drf , 

y/g = (tanh^ ri — tanh^ T2) tanh ri tanh T2 , 

r __^ 2sinhri_2 1 ^ 1 p 

^^'^ cosh"^ Ti^2 tanh'^ ri — tanh"^ T2 cosh"^ ti^2 ' 

The momentum operators have the form 



_fif_d_ 1 



_h d 



(3.11) 



(3.12) 



(3.13) 



(3.14) 



with the Hamiltonian 



H = 

2m 



1 / 92 d 

1- Ft- 

tanh^ n - tanh^ T2 \ 5rf " 



dri dT2 



92 ^ 9 \ 1 92 

dT2 J tanh^ n tanh^ T2 dr^ 
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1 

2rn 



tanh^ Ti — tanh^ T2 



+ 



tanh2 n - tanh2 t2 ^^"^^ ^^""^ ^2 



+ 



3h^ 



8m 
(3.15) 



The solution cannot be directly derived from one of the lower-dimensional subcases. For the 
path integral we find by separating off the ra-path integration which corresponds to plane waves 



ri(t")=r{' T2{t")=r^' T3(i")=T^' 



VT2{t) 



PT3(i)(tanh^ t\ — tanh^ T2) tanhri tanhT2 



r2(t')=T' 



r3(t')=T' 



exp I ^ y (^(tanh^ n - tanh^ t"2)(ti - rl) + tanh^ n tanh^ t-2t|) - 

gifcT3(r3 — Tg) 



8m 



dt 



(tanh r( tanh t" tanh r2 tanh r2 )"^/^ / 

ri(t")=ri' T2(t")=r^' 



dk 



T3 



27r 



X Pri(t) y I>r2 (t) (tanh -tanh V2) 

Ti(t')=T( r2(t')=-r^ 

1 i 



X exp 



ft JO 



^ (tanh^ n - tanh^ T2 ) (ti - t| ) - -^^-^ coth^ n coth^ T2 



2m 



8m 



(tanh t[ tanh t{' tanh T2 tanh T2 ) ^''^ 



X / dk 
IR 



T3 



2tt 



IR 



27rfi 



dt 



(3.16) 



with the space-time transformed path integral Kk(s") given by: 

ri(s")=r{' T2{s")=T- 

Kk {j'i , t'i , T2 , r2 ; s") = ^ Vti (s) ^ Pr2 (s^ 

ti(0)=t{ r2{0)=r^ 

3ft2\/ 1 



X exp 



:(fi^-f2^)+ + 



8m, / V cosh^ Ti cosh^ T2 
h^kl^ (I 1 ' 



2m Vsinh Ti sinh T2 



ds 



(3.17) 



For this path integral we now use the path integral representation of the modified Poschl-Teller 
potential 



^2 /^2_1 ^2_1 



2m I sinh r cosh r ) 

We therefore obtain with rj = i^ /c^^ — | and = 2mE/h^ -|- 1 = -|- 1 

^(S3c) (^^/^ ^//^ ^/ ^ ^/'^ r^; T) = (tanh t{ tanh tanh tanh t^')~^^^ 



(3.18) 
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X / dk 
In 



2^ 



oo poo 

dk / dp exp 
Jo 



ihT 
2m 



(/ + 1) 



(3.19) 



In this solution we have explicitly J {J + 2) = {p^ + 1). The '^i^'''\uj) are the modified Poschl- 
Teller functions, which are given by 



iV^''''')(sinhr)2'=2-|(coshr) 



-2ki 



X2Fi{-ki + k2 + K, -ki + k2 - K + 1; 2k2] - sinh^ r) 



2(2k - l)r(A;i +k2- K)T{ki + /c2 + k - 1) 



T{2k2) 

The scattering states are given by: 



r(A;i -k2 + K)T{ki 



K + l) 



1/2 



(3.20) 
(3.21) 



V{r) 



2m V sinh^ r cosh^ 
A^^''''')(coshr)2'=i-i(sinhr; 



2k2- 



X2-Fi(A;i + k2 — K„ki + k2 + K — 1; 2k2', — sinh^ r) 
T{ki + k2- K)T{-ki + k2 + K) 



I p sinh vrp 



r(2A;2) V 27r2 

xr(A;i + k2 + K- l)r(-A;i + A;2 - k + 1 



1/2 



(3.22) 



(3.23) 



ki, k2 defined by: ki = i(libz^), k2 = ^(li?]), where the correct sign depends on the boundary- 
conditions for r ^ and r ^ oo, respectively. The number Nm denotes the maximal number 
of states with 0, 1, ... , Nm < ki — k2 — ^. k = ki — k2 — n for the bound states and k = ^(1 + ip) 
for the scattering states. 2Fiici',b; c; z) is the hypergeometric function [9*, p. 1057]. The bound 
states are needed for the bound states on the 0(2,2) hyperboloid. 

3.3 System 15: Elliptic-Hyperbolic 

This coordinate system is defined as 



zi 

Z2 

Z3 

Zi 



1 / cosh T2 cosh Ti 

2 V cosh Ti cosh T2 



2 cosh Tl cosh T2 



cosh Tl cosh T2 

tanh Tl tanh T2 



1 / cosh Tl cosh T2 

_ 2 cosh Tl cosh T2 2 V cosh T2 cosh ti 
(''"i,T2,r3 G IR). The set of commuting operators is given by 



(3.24) 



Ci = ih2 + i/: 



21j ; 



£2 = + Ifs + +II - Ih + i({A2, 142} + {/i3, ^43}) • (3.25) 
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The metric terms are given by 

Sh^ T2 ) ^ ^ ^ COsh^ Tl COsh^ T2 



ds = I 2 -2 — 

Vcosh Tl cosh T2 

/I 1 ^ 

V9 = 



V cosh^ Tl cosh^ r2 / cosh ti cosh T2 

r — ~2sinhTi 1 — tanhri 

cosh"* Tl 1/ cosh^ Tl — 1/ cosh^ T2 ' 
p _ 2 sinh T2 1 _ ^g^j^^ ^2 

COSh"^ T2 1/ COsh^ Tl — 1/ COsh^ T2 ' 

and r^-g = 0. We have for the momentum operators 

Pr. ■ [^Q^^ + 2^ n j > Pr2 ■ [^Q^^ + 2^ -2 j , 



(3.26) 



This gives 
H = - 



= T la7i 

for the Hamiltonian 



n d 
1 5r3 



(3.27) 



\ coshVicoshV2 / tanhr — — tanhr — 

2m cosh^ T2 - cosh^ ti y BtI 9ti 9r| 9r2 

+ cosh^ Tl cosh^ 



COsh^ Tl COSh^ T2 -^-o 



1 
2m 



^ cosh Tl cosh T2 ^ 2 ^ ) / "^^^^ COSh T2 

cosh^ r2 — cosh^ ti y cosh^ T2 — cosh^ ti 



cosh Tl cosh T2 - 2 t 2 2 
-2 -"2 h cosh Tl cosh T2P„ 

;osh To — cosh ti 



+ 



3ft2 
8m 

(3.28) 



For the path integral we find 

T^iSsc)(-T-" t' t" t' t" t'-T) 

riit")=r[' T2{t")=T^ Mt")=TfJ 



VTi{t) 



VT2{t) 



VT^{t) 



1 



1 



ri{t')=T{ 



T2(t')=r' 



cosh Tl cosh T2 / cosh Tl cosh T2 



1 



X exp < - 

h Jo 



T 



m I cosh^ T2 — cosh^ ti 

2 \^ COSh^ Tl COsh^ T2 



iff - fl) + 



COsh^ Tl COSh^ T2 



3?i2 
8m 



dt} . (3.29) 



The path integral for this coordinate system corresponds to the path integral for the first elliptic 
parabolic system on the three-dimensional hyperboloid in its complexified form. We have from 
[12] the path integral representation {a > 0, I'&l < tt/2, g £ IR): 



a{t")=a" 



■d{t")=-d" 



Va{t) 



cosh^ a — cos^ •& 



e(t")=e" 



Ve{t) 



cosh'^ a cos^ 'd 
a{t')=a' i?(i')=i?' e)it')=g' 

'im /■*" (cosh^ a - cos^ ^){d'^ + _^ ^2^^ ^^f^j. 

2h Jt' cosh^ a cos^ 8m 

dki, 



X exp 



Vcosh a' cosh a" cos ^' cos 1}" [ ^ e''^''^^"-^'') 

Jtr 2n 
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, , f°° dkk sinliTTk 

XI dp sinliTrp / 2 2 v> 

/o Jo (cosh nk + sinh vrp)^ 



exp 



ihT , 9 
Im 



X 



e,t'=±l 



P^iL 1 /2 '^in ^" ; - ) P^ifc* 1 /2 ( ^' sin 1?' ; - A;^ ) . 



(3.30) 



The psj^ and S^^^^ are spheroidal wave- functions. We can achieve the connection by the coor- 
dinate substitution -d = \T2 and Q = t^. Equation (j3.30p is actually the solution to the original 
problem, with continuous spectrum as in the previous case, because its formulation comes from 
the complexification of the corresponding coordinate system on the three-dimensional hyper- 
fa oloid, and we are done. 



3.4 System 16: Parabolic 

This coordinate system is defined as 



2U i 



T 

Z2 = -1 — 

''=\ — ^ 



+ 2^77 



(^,7^ > 0,r G IR). The set of commuting operators is given by 



^1 = {h2 + 1^21)^, ^2 = {-^32, h2 + i-^21} - {-^41,1^34 " hi} 



The metric terms are 



„2 _ / 1 , 1 \ / Jf2 , n 2n , 1 n_2 



r,- 1 



'W+T/7 ^' 

We have for the momentum operators 

Pi = = 
Pv = = 



2/rf 



^ ^ _ 1 

i 3 

i \di ' ^2 + ^2 2^ 
n/ d 



+ 



V 



Pt 



and the Hamiltonian is given by 



H = 

2?TT, 



1 

2m 



2^2 



i \drj + rp' 2i] 
h d 
i dr ' 



92 Id 92 Id 



^-7- + — ---)+eV|^ 



^2 _^ jj2 y Q^2 ^ Q^2 ^ 



, 2 , 2n / ,.222 



^2 



^2 _^ 



^if]PT 



+ 



8m 



(3.31) 



(3.32) 



(3.33) 



(3.34) 
(3.35) 
(3.36) 



(3.37) 
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For the path integral we find by separating off the r-path integration (plane waves) 

K^'^-He',e,v",v',r",T'-T) 



«(t")=r ri{t")=v" 
I / 



T{t")=T" 



T{t')=T' 



X exp 



h Jo 



2 V 

,ife(T"-r') 



f2 \ 



dt 



2 1 ^2 



X exp < - , 



m ^2 + 77^ -2 



21.2 



3h^ 



2 ^2^2 



2m 



8m 



dt 



r fSk{T" -t') f ATP i-oa 

= {i'i"ri'v"f" dfc^^^ II e^^^/^ d."K,(^", i', n\ V; , (3.38) 



/H 27r 

with the transformed path integral Kk{s") given by: 

5(s")=5" r?(s")=ry" 

^fe(r,e','7",r?';^") = 



V^{s) J Vrj{s) 

r,iO)=v' 



X exp < - 

h Jo 



2^!^fl + l 

2m V ^2 7^2 



ds^ . (3.39) 



I have set u = h\k\/m and A = + 2mE/h^. Each of the two path integrals in ^ and 77 

are path integrals for the radial harmonic oscillator. We insert the expansions into the discrete 
wave-functions and obtain 

4m2a;2 



''nt^,r(ne + A + l)r(n, + A+l)V 7i2 



2, ,2 \ A 



X 



X exp 



(3.40) 



Since G{E) = /q°° K{s") ds" we obtain by taking the minus sign in the square-root of A by 
performing the ^''-integration the energy-levels 



fi2 

^n^nr, = + + + 2) = 2^"^^'^ + ^) ' 

with J = + nr). Evaluating the residua and ordering factors therefore yields 



(3.41) 



K('^-He,^'y,rj',T",r'-T) = j^Yl ^kn,n,{e,v',x')nn,n,ie,v",x")e-'^^^/'^ (3.42) 
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with the wave-functions on S^c given by 

„ifcr I 



and the energy-spectrum 



lh\k\ 



Vnrt 



r(ng + A + 1) r(n^ + A + 1) 



J+i 



This concludes the discussion. 



(3.43) 



3.5 System 17: Ellipsoidal 

This coordinate system is defined as 

2 £'1^2 



^3 



ab 



(gl-l)(g2-l)(g3-l) 

(a-l)(6-l) 
(gi - a){Q2 - a)(g3 - a) 
(a — b){a — l)a 



{a-b){b-l)b 
The set of commuting operators is given by 
£i = ablf2 + all^ + bll^ , 

£2 = (a + b)lf2 + (a + 1)723 + (6 + + a/|2 + blj^ + ij^ . 
The metric terms are given by 

^^2 ^ (gl - Q2){Q1 - Q3) _^ (g2 - g3)(g2 - gl) ^^2 _^ (g3 " gl)(g3 " g2) 



f{Ql) ' f{Q2) f{Q3) 

with /(g) = —4(^3 — a){Q — b){Q — 1)q. For the path integral we find 



ei{t")=Q'( e2{t")=Q'i OT(t")=£'3 

i^^^^^^(g'l',g'l,g2,g2,g3,g3;^) = / ^glW / ^g2(0 j vez{t) 

ei(t')=e\ S2{t')=s'2 e3{t')=e'3 

m {gi - 02){gi - Qs) .2 , (g2 - g3)(g2 - gi) .2 

gl "I 77 ^ g2 



X exp < - 

ft JO 



+ 



/(gl) /(g2) 
(g3 - gl)(g3 - g2) -2 



/(g3) 



g3 - ^^(gl,g2,g3) 



dt 



(3.44) 



(3.45) 



dgi , (3.46) 



(3.47) 



It is obvious that such a path integral in ellipsoidal coordinates is not tractable. We let the result 
as it stands, and the same statement is valid for the remaining "ellipsoidal" -related coordinate 
systems. Let us, however, note that we can state the propagator in a formal way by a construction 
it from the wave- functions according to [12] . We have found the following representation on the 
real sphere S^^^: 



ei{t")=(y'l 



^'2(^")=^?2 



e3{t")=ei' 



VQiit) 



S2(t')=e'2 



[Q2 - gi)(g3 - g2)(g3 - gl) 
8v/P(gl)P(g2)P(g3) 
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X exp < - 

n Jt 



i=l 



dt 



2s=0 X,ij. 



-2ihTs{s+l)/m^* ( I I I ,11 II li-y 



with ellipsoidal coordinates defined on S^^^ {d < < c < g2 < b < gi < a) 



si 



si 



si 



{qi - 


d){Q2 


- d){g3 


-d) 


(a- 


-d){b- 


-d){c- 


d) 


{Qi - 


c){Q2 


- c){g3 


-c) 


(a- 


-c){h- 


-c){d- 


c) 


{qi - 


a){Q2 


- a){Q3 


-a) 


(d- 


-a){c- 


-a){b- 


a) 


{qi - 


h){Q2 


-b){g3 


-b) 


{d- 


-b){c- 


-b){a- 


b) 



The metric tensor in ellipsoidal coordinates then has the form 

Q2){qi-Q3) {Q2 - Q3){Q2 - Qi) {Q3 



(5, 



ab 



Qi){Q3 - Q2] 



(3.48) 



(3.49) 



P{Qi) ' P{Q2) ' P{Q3) J ' ^^'^"^ 

and P{q) = {q — a){g — b){g — c){g — d). Here, we have adopted the notation of Karayan et 
al. [H HB]. The quantum numbers are the eigenvalues of the operators which characterize the 
ellipsoidal system on the sphere, thus giving a complete set of observables corresponding to the 
ellipsoidal coordinates on the sphere. However, this representation remains on a formal level and 
the corresponding wave- functions are explicitly know only on the real three-dimensional sphere. 
For details see [H [161 1321 [211 ESI EI] . The ellipsoidal system exists on the three-dimensional 
sphere (System VI.) on the three-dimensional hyperboloid (System XVXHL). 



3.6 System 18 

For the remaining coordinate system we state only their definition. The corresponding quantum 
theory setup is formally the same as for the Ellipsoidal coordinates, however with a different 
function f{g). 

This coordinate system is defined as 

1 r. 



(i^i + Z2y 



Q1Q2Q3 



2 , 2 

Zl + Z2 



{a + l)gig2Q3 - a{gig2 + Qig3 + Q2Q3)] 



(gi - l)(g2 - l)(g3 - 1) 
1 - a 



{Qi - a){Q2 - a){g3 - a) 



a?ia 



I) 



The set of commuting operators is given by 
Ci = (/42 - i/i4)2 - a(/32 + i/i3)2 



ali2 , 



£2 = (a + l)l!2 + lu + II2 - ailh + I32) + {h2 + i/14)' + (/32 + i/13)' 



The metric terms are given by 

2 _{ei - Q2){qi 



f{Qi) 



M + (g2-g3)(g2-gl) ^^2 
f{Q2) 



{Q3 - Qi){Q3 - 02) 
fi93) 



dg-. 



3 ' 



(3.51) 
(3.52) 

(3.53) 
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with f{g) = —4:{q — 2){g — l)g'^. Systems 18 corresponds to Systems 31-33 on the three- 
dimensional hyperboloid. 

3.7 System 19 

This coordinate system is defined as 

{zi + \Z2f = -{gi - l){g2 - 1)(£'3 - 1) zl + zl = 2gig2g3 - {giQ3 + Q2Q3 + Q1Q2) + 1 1 



{z3 + iz^Y = -Q1Q2Q3 
The set of commuting operators is given by 



z^ + zl = gig3 + g2g3 + Q1Q2 - ^QiQ2Q3 



£1 = 2(/3i + i/32)2 + {731 + i732, 724 + i/41} + > 



2 
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£2 = 2(731 + i732)2 + {731 + i732, 724 + hi} - I; 

The metric terms are given by 

^^2 ^ (gl - g2)(gl - Q3) ^^2 (g2 - g3)(g2 - Ql) ^^2 _,_ (^3 - 0l)i03 - Q2) 



with f{g) 



fiQi) 
-4{g-l)^g\ 



f{62) 



fiQ3 



dg] 



3 ) 



(3.54) 
(3.55) 



(3.56) 



3.8 System 20 

This coordinate system is defined as 

{z2 - izifzl + zl + zl = gig2Q3 

-2z3{z2 - izi) = gig2 + gigs + Q2Q3 - Q1Q2Q3 

zl + zl + zl = gig2Q3 - 01Q2 - Q1Q3 - Q2Q3 + Ql + Q2 + Q3 

zl = -{g^-l){g2-\){g3-l) ■ 

The set of commuting operators is given by 

Ci = {hi + ih2? + {h2 - i/is, /12} , 

C2 = lii + 7I2 - 7|4 - (741 + i/42)^ + {/41 - i/42, /34} • 

The metric terms are given by 



^^2 ^ (gl - g2)(gl - Qs) ^^2 ^ (^2 - e3){Q2 - Ql) J „2 , (g3 - Qi){Q3 " Q2) 



f{Q2) 



dgl + 



dg] 



3 ' 



(3.57) 



(3.58) 



(3.59) 



with f{g) = —4(^3 — l)g^. Systems 20 corresponds to System 34 on the three-dimensional 
hyperboloid. 
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3.9 System 21 

This coordinate system is defined as 

(zi +iz2f = 2qiQ2Qz 

{zi + iz2)((z3 + izi) = -{qiQ2 + Q2Qz + Q1Q3) 

-{Zi + iZ2){z3 - iZi) + 1{Z3 + iZ4,f = 01 + 02 + 93 

The set of commuting operators is given by 

£1 = i{/2i, /41 + I23 + Khi + 124)} - j[h3 + hA + i(/23 + hi)\ 



1^2 = \{h\ + h3, 132 + hi + Kh3 + hi)} 

+Uhi + h3 + Khi + h4),h3} + Uh2 + i/23) 



The metric terms are given by 

2 _ {Q1- Q2){01 



with f{0) 



f{Qi) 



JVQ2) 



- \{h3 + '^hA? . 
{Q3 - Qi){Q3 - Q2) 



(3.60) 



(3.61) 



f{Q3) 



(3.62) 



4 Summary and Discussion 

The archived results are very satisfactory. We could find many path integral representations 
on the complex sphere, several of them included the extension and application of already know 
results, several others of them are completely new. The most important result consists of the 
incorporation of the complex Liouville potential into the path integral formalism. However, we 
must always keep in mind that the complex sphere is an abstract space, which means that the 
various path integral representations require an interpretation depending whether one considers 
a compact or non-compact variable range. In the compact case, the abstract complex space 
allows the interpretation of the real three-dimensional sphere with its discrete spectrum. Here, 
we can identify the six coordinate systems as indicated in Tabled! They are systems (1), (3), 
(6), (13), and (17), where No. (13) is counted twice to include the prolate as well as the oblate 
spheroidal cases. In the non-compact case allows the interpretation of the three-dimensional A*^^) 
and 0(2,2)-hyperboloid, respectively, with a continuous spectrum. Therefore the eigenvalues of 
the complex sphere 



2m 



2m 



1(1 + 2) 



ip' + 1) 



/ = 0,1,2,... 



p>0 



sphere 
hyperboloid. 



(4.63) 



This includes the replacement of the summation of the discrete principal quantum number I, 
say, by the principal continuous quantum number p, i.e., J2i ~^ /o°° dp. Furthermore, the 
wave-functions have to analytically continued, say the discrete wave-functions for the spherical 
coordinate system (3) on the real sphere: 



J,mi,m2 



ix,^,^) = A^-i/2e-'^^(sinx)"^C7i+;(cosx)(sm^)™^C,^^^/,'(cosi?) 



(4.64) 
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must be replaced by the continuous wave-functions for the spherical system on the hyperboloid 
(Yi^{'d,ip) are the usual spherical harmonics on the two-dimensional sphere, c.f. Section 

2.3) 



^P,l,m{r,^,^) = yr(^,y^)(sinhr)-V^^/ ^''^^^^^ r(ip + / + l)P.^^^/,(cosh r) . (4.65) 



TT 



Also, the invariant distance (under rotations) on the real sphere must be replaced by the invariant 
distance on the hyperboloid, c.f. Eqs. (j2.11l2.13p with the corresponding Green functions 
(l2.lUI2.12p . respectively. 

In order to find the corresponding solutions on the 0(2,2) hyperboloid matters are more 
difficult, because in addition to a continuous spectrum also a discrete spectrum is present. 
These issues will be discussed in future publication. 

In Section II, I have displayed the path integral solutions (1) to (12). They are character- 
ized by the property that they have a subgroup, respectively a subspace structure. This has 
also been emphasized in Table [H where the explicit subspace with its corresponding coordinate 
representation has been displayed. Remarkably, for all coordinate systems a path integral rep- 
resentation could be found. The principal new representation was the one for the horicyclic 
system, respectively the complex Liouville potential, i.e. 



x{t")=x" 

J Vx{t) exp 

x(t')=x' 



h Jo \ 2 2m 
E ^<i/2(^e-")/7yi/2(^e-')exp 



JeiNo 



i ftV(J + 2) ^ 
h 2m 



(4.66) 



This path integral representation was very useful in evaluating several path integral representa- 
tions involving other horicyclic coordinate possibilities. 

In several other coordinate systems we could exploit already known results, for instance 
from the two-dimensional sphere (e.g. sphero-elliptic (6)), from the two-dimensional hyperboloid 
(e.g. spherical-degenerate elliptic I (7)), from the two-dimensional pseudo-Euclidean plane (e.g. 
horicyclic-elliptic (9)), the Euclidean plane (e.g. horicyclic-parabolic I (11)), and others as noted 
in the text. 

In Section III, I have discussed the path integral representations of the non-subspace cases 
which are much more involved. Starting with the elliptic-cylindrical system we can only state the 
formal solution as known from the three-dimensional sphere, which can be represented by Lame 
polynomials. Four more representations could be explicitly stated, the last for the ellipsoidal 
one also only as a formal solutions in terms of ellipsoidal wave-functions as known from the 
three-dimensional sphere. For the remaining "ellipsoidal" systems nothing is known which is 
not surprising due to their very complicated structure. 

There are several three-dimensional other spaces where a path integral treatment for various 
coordinate systems is possible: these are the single-sheeted hyperboloid, the 0(2,2)-hyperboloid 
|12j . Darboux spaces in three dimensions ^3], and Koenigs spaces in two and three dimensions 
[15) . The latter two open the possibility to discuss quantum motion on spaces of non-constant 
curvature, whereas the former two have the property that in addition to the continuous spectrum 
also an infinite discrete spectrum exists. In particular, the quantum motion on the 0(2,2) 
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hyperboloid is of special interest due to the fact that on the 0(2,2) hyperboloid a discrete and a 
continuous spectrum exists. Therefore the complete spectrum consists of both contributions of 
()4.63p . and almost all path integral representations with their wave- function expansions must be 
analytically continued to a discrete and a continuous contribution. These issues will be discussed 
in a future publication. 

Acknowledgments 

This work was supported by the Heisenberg-Landau program. 

I would like to thank George Pogosyan (Yerevan State University) for helpful discussions 
on the properties of coordinate systems and superintegrability. I also would like to thank 
L.Mardoyan for the warm hospitality during my stay in Dubna, Russia, and G. Pogosyan, for 
the warm hospitality during my stay in Yerevan, Armenia. 

References 

[1] Airapetyan, R.G., Karayan, Kh.H., Pogosyan, G.S., Sissakian, A.N., Zaslavsky, D.I.: Quantum Motion on 
the Three-Dimensional Sphere. EUipsoidal Basis. In International Workshop: Finite Dimensional Integrable 
Systems, Dubna 1994. Eds.: G.S. Pogosyan, A.N. Sissakian, JINR Publications 1995, 1-12. 

[2] Bohm, M., Junker, G.: Path Integration Over Compact and Noncompact Rotation Groups. J. Math. Phys. 
28 (1987) 1978-1994. 

[3] Boyer, C.P., Kalnins, E.G., Winternitz, P.: Separation of Variables for the Hamilton Jacobi Equation on 

Complex Projective Spaces. SIAM J.Math.Anal. 16 (1985) 93-109. 
[4] Camporesi, R.: Harmonic Analysis and Propagators on Homogeneous Spaces. Phys. Rep. 196 (1990) 1-134. 
[5] Cannata, F,. Junker, J., Trost, J.: Schrodinger Operators with Complex Potential but Real Spectrum. 

Phys. Lett. A 246 (1998) 219-226. 
[6] Duru, I.H., Kleinert, H.: Solution of the Path Integral for the H-Atom. Phys. Lett. B 84 (1979) 185-188. 

Quantum Mechanics of H-Atoms from Path Integrals. Fortschr.Phys. 30 (1982) 401-435. 
[7] Feynman, R.P., Hibbs, A.: Quantum Mechanics and Path Integrals. McGraw Hill, New York, 1965. 
[8] Fischer, W., Leschke, H., Miiller, P.: Changing Dimension and Time: Two Weil-Founded and Practical 

Techniques for Path Integration in Quantum Physics; J. Phys. A: Math. Gen. 25 (1992) 3835 

Fischer, W., Leschke, H., Miiller, P.: Path Integration in Quantum Physics by Changing the Drift of the 

Underlying Diffusion Process: Application of Legendre Processes; Ann. Phys. (N.Y.) 227 (1993) 206 
[9] Gradshteyn, I.S., Ryzhik, I.M.: Table of Integrals, Series, and Products [Academic Press, New York, 1980). 
[10] Grosche, C: On the Path Integral in Imaginary Lobachevsky Space. J. Phys. A: Math. Gen. 27 (1994) 3475- 

3489. 

[11] Grosche, C: Path Integration and Separation of Variables in Spaces of Constant Curvature in Two and 

Three Dimensions. Fortschr. Phys. 42 (1994) 509-584. 
[12] Grosche, C: Path Integrals, Hyperbolic Spaces, and Selberg Trace Formulrs. World Scientific, Singapore, 

1996. 

[13] Grosche, C: Path Integration on Darboux Spaces. Phys. Part. Nucl. 37 (2006) 368-389. 

[14] Grosche, C: Path Integral Approach for Spaces of Nonconstant Curvature in Three Dimensions. Proceedings 
of the "II. International Workshop on Superintegrable Systems in Classical and Quantum Mechanics", Dubna, 
Russia, June 27-July 1, 2005. Physics Atomic Nuclei 70 (2007) 537-544. 

[15] Grosche, C: Path Integral Approach for for Quantum Motion on Spaces of Non-constant Curvature Ac- 
cording to Koenigs. DESY Report, DESY 06-140, quant -ph/0608231, to appear Proceedings of the "XII. 
International Conference on Symmetry Methods in Physics", July 3-8, 2006, Yerevan, Armenia. 
Path Integral Approach for for Quantum Motion on Spaces of Non-constant Curvature According to Koenigs: 
Three Dimensions. DESY 07-132. August 2007. arXive: 0708. 3082 [quant-ph]. 



REFERENCES 



36 



[16] Grosche, C, Karayan, Kh., Pogosyan, G.S., Sissakian, A.N.: Quantum Motion on the Three-Dimensional 
Sphere: The ElUpso-Cyhndrical Bases. J. Phys. A: Math. Gen. 30 (1997) 1629-1657. 

[17] Groscho, C, Pogosyan, G.S., Sissakian, A.N.: Path Integral Discussion for Smorodinsky-Winternitz Poten- 
tials: II. The Two- and Three-Dimensional Sphere. Fortschr.Phys. 43 (1995) 523-563. 

[18] Grosche, C., Steiner, F.: The Path Integrals on Curved Manifolds. Zeitschr. Phys. C 36 (1987) 699-714. 

[19] Grosche, C., Steiner, F.: Handbook of Feynman Path Integrals. Springer Tracts in Modem Physics 145. 
Springer, Berlin, Heidelberg, 1998. 

[20] Kalnins, E.G.: On the Separation of Variables for the Laplace Equation A'^ -|- K^ip = in Two- and 
Three-Dimensional Minkowski Space. SI AM J. Math. Anal. 6 (1975) 340-374. 

[21] Kalnins, E.G.: Separation of Variables for Riemannian Spaces of Constant Curvature. Longman Scientific & 
Technical, Essex, 1986. 

[22] Kalnins, E.G., Miller Jr., W.: Lie Theory and Separation of Variables. 4. The Groups SO(2, 1) and SO(3). 
J. Math. Phys. 15 (1974) 1263-1274. 

[23] Kalnins, E.G., Miller Jr., W.: Lie Theory and Separation of Variables. 11. The EPD Equation. J. Math. Phys. 
17 (1976) 369-377. 

[24] Kalnins, E.G., Miller Jr., W.: Lie Theory and the Wave Equation in Space- Time. 1. The Lorentz Group. 
J. Math. Phys. 18 (1977) 1-16. 

[25] Kalnins, E.G., Miller Jr., W.: The Wave Equation, 0(2,2), and Separation of Variables on Hyperboloids. 
Proc. Roy. Soc.Edinburgh A 79 (1977) 227-256. 

Kalnins, E.G., Miller Jr., W.: Lie Theory and the Wave Equation in Space-Time. 2. The Group SO(4,C). 
SI AM J. Math. Anal. 9 (1978) 12-33. 

[26] Kalnins, E.G., Miller Jr., W.: Lie Theory and the Wave Equation in Space- Time. 4. The Klein-Gordon 
Equation and the Poincaro Group. J.Math.Phys. 19 (1978) 1233-1246. 

[27] Kalnins, E.G., Miller Jr., W., Pogosyan, G.S.: Completeness of Multiseparable Superintegrability on the 
Complex 2-Sphere. J. Phys. A: Math. Gen. 33 (2000) 6791 6806. 

Superintegrability on Two- Dimensional Complex Euclidean Space. In Algebraic Methods in Physics. A Sym- 
posium for the 60th Birthdays of JiriPatera and Pavel Wintemitz, pp. 95-103. CRM Series in Mathematical 
Physics, Eds.: Yvan Saint-Aubin, Luc Vinet. Springer, Berlin, Heidelberg, 2001. 

[28] Kalnins, E.G., Miller Jr., W., Winternitz, P.: The Group 0(4), Separation of Variables and the Hydrogen 
Atom. SIAM J.Appl.Math. 30 (1976) 630-664. 

[29] Kleinert, H.: Path Integrals in Quantum Mechanics, Statistics and Polymer Physics. World Scientific, Sin- 
gapore, 1990. 

[30] Kleinert, H., Mustapic, I.: Summing the Spectral Representations of Poschl-Teller and Rosen-Morse Fixed- 
Energy Amplitudes. J.Math.Phys. 33 (1992) 643-662. 

[31] Komarov, I.V., Kuznetsov, V.B.: Kowaleswki's Top on the Lie Algebra o(4),e(3) and o(3, 1). J. Phys. A: 
Math. Gen. 23 (1990) 841-846. Quantum Euler-Manakov Top on the 3-Sphere S3. J. Phys. A: Math. Gen. 24 

(1991) L737-L742. 

[32] Lukac, I.: Complete Sets of Observables on the Sphere in Four-Dimensional Euclidean Space. 
Theor. Math. Phys. 31 (1977) 457-461. 

[33] JIyKAM, M., HA^IL, M.: SjIJinnTHMKHE rAPMOHHHECKHE ^YHKUHH HA C$EPE B MEFMPEXMEP- 

HOM KOMnJiEKCHOM HPOCTPAHCTBE. OMHM upenpuHm P2-10736, HyGna 1977, 18pp. 

[Lukac, I., Nagy, M.: Elliptical Harmonic Functions on the Sphere in Four-Dimensional Complex Space. 

JINK Communications P2-10736, Dubna 1977, (in Russian) unpublished]. 

[34] Map/iohh, Jl.r., norocHH, r.C, Chcakhh, A.H., Tep-Ahtohhh, B.M.: KBAHTOBblE 
CMCTEMbI CO CKPblTOM CMMMETPMEM. ME)EEA3MCHbIE PA3JI0)f{EHHJI. «>H3- 
MATJIHT, Mockba, 2006. 

[Mardoyan, L.G., Pogosyan, G.S., Sissakian, A.N., Ter-Antonyan, V.M.: Quantum Systems with Hidden 
Symmetry. Interhasis Expansions. FIZMATLIT, Moscow, 2006 (in russian)]. 



REFERENCES 



37 



[35] Meixner, J., Schafke, F.W.: Mathieusche Funktionen und Sphdroidfunktionen (in German). Springer, Berlin, 
1954. 

[36] Miller Jr., W.: Symmetry and Separation of Variables. Addison- Wesley, Providence, Rhode Island, 1977. 

[37] OjieBCKHH, M.H.: TpHopToroHajibHue CHCTeMu b npocTpancTBax nocTOHHHoM kphbhshbi, b 
KOTopux ypaBHeHHe A2W + Aw = .zionycKaei nojiHoe pas^ejieHHe nepeMenHtix. Mam. C6. 27 

(1950) 379-426. 

[Olevskii, M.N.: Triorthogonal Systems in Spaces of Constant Curvature in which the Equation A2U-I-AU = 
Allows the Complete Separation of Variables. Math. Sb. 27 (1950) 379-426 (in Russian)]. 

[38] Patera, J., Winternitz, P.: A New Basis for the Representations of the Rotation Group. Lame and Heun 
Polynomials. J.Math.Phys. 14 (1973) 1130-1139. 

[39] Schulman, L.: A Path Integral for Spin. Phys. Rev. 176 (1968) 1558 1569. 

[40] Schulman, L.: Techniques and Applications of Path Integration. John Wiley & Sons, New York, 1981. 

[41] Znojil, M. (Ed.): Workshop on Pseudo-Hermitian Hamiltonians in Quantum Physics. I-III. Czech.J.Phys. 
54 (2004) 1-156. Czech.J.Phys. 54 (2004) 1005-1148. Czech.J.Phys. 55 (2005), 1045-1192. 



